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G. E. CroOKS — FIELD GUIDE TO PROBABILITY DISTRIBUTIONS

PREFACE: THE SEARCH FOR GUD

A common problem is that of describing the probability distribution of a
single, continuous variable. A few distributions, such as the normal and
exponential, were discovered in the 1800’s or earlier. But about a century
ago the great statistician, Karl Pearson, realized that the known probabil-
ity distributions were not sufficient to handle all of the phenomena then
under investigation, and set out to create new distributions with useful
properties.

During the 20th century this process continued with abandon and a vast
menagerie of distinct mathematical forms were discovered and invented,
investigated, analyzed, rediscovered and renamed, all for the purpose of de-
scribing the probability of some interesting variable. There are hundreds of
named distributions and synonyms in current usage. The apparent diver-
sity is unending and disorienting.

Fortunately, the situation is less confused than it might at first appear.
Most common, continuous, univariate, unimodal distributions can be orga-
nized into a small number of distinct families, which are all special cases of
a single Grand Unified Distribution. This compendium details these hun-
dred or so simple distributions, their properties and their interrelations.

Gavin E. Crooks
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Figure 1: Hierarchy of principal distributions
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Figure 2: Hierarchy of Pearson distributions
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Figure 3: Hierarchy of Pearson-exponential distributions

Pearson-Exp.
Beta-Exp. Beta-Logistic
i S
SN
SN SN
/ . S
, \ N
/ \ / \
’ \ ’ ! \
’ \ ’ ! \
, \ , i \
/ \ , I \
. . / | \
, \ , | \
. . , i \
/ \ , ! \
/ . / .
’ \ ’ ! \
’ \ ’ i \
’ \ ’ ! \
/ \ , i \
, . / I \
/ \ , | \
, S | \
/, \\ rl ! \\
Exp. Exponential Gamma-Exp. Central-Logistic Burr IT
[ I [ s
I I I I
I I [ !
I ~ I (BN - :
I I I
I I I AN !
| N | | v !
I I I N i
I I I \ !
I I I . I
| N | . \ I
i i L . !
I N I I N '
I
! ! ! Vo
I N I . I \ !
I I I \ !
I I | o
I N I v
! Soon LT | W
Exponential Gumbel Laplace Logistic



o s

shape parameters

—o—

G. E. CroOKS — FIELD GUIDE TO PROBABILITY DISTRIBUTIONS

Figure 4: Hierarchy of extreme order statistics
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Figure 5: Hierarchies of symmetric simple distributions
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1  UNIFORM DISTRIBUTION

The simplest continuous distribution is a uniform density over an interval.

Uniform (flat, rectangular) distribution:

1
Uniform(x ; a,s) = (1.1)

sl

for a,s in R,
support x € [a,a+s], s>0
x€la+s,a], s<0

The uniform distribution is also commonly parameterized with the bound-
ary points, a and b = a+s, rather than location a and scale s as here. Note
that the discrete analog of the continuous uniform distribution is also often
referred to as the uniform distribution.

Special cases

The standard uniform distribution covers the unit interval, x € [0, 1].
StdUniform(x) = Uniform(x ; 0, 1) (1.2)

The standardized uniform distribution, with zero mean and unit variance,
is Uniform(x ; —v/3,2v/3).

Three limits of the uniform distribution are important. If one of the
boundary points is infinite (infinite scale), then we obtain an improper (un-
normalizable) half-uniform distribution. In the limit that both boundary
points reach infinity (with opposite signs) we obtain an unbounded uni-
form distribution. In the alternative limit that the boundary points con-
verge, we obtain a degenerate (delta, Dirac) distribution, wherein the entire
probability density is concentrated on a single point.

Interrelations

Uniform distributions, with finite, semi-infinite, or infinite support, are
limits of many distribution families. The finite uniform distribution is a

23



1 UNIFORM DISTRIBUTION

a a+s

Figure 6: Uniform distribution, Uniform(x ; a,s) (1.1)

special case of the beta distribution (12.1).

Uniform(x ; a,s) = Beta(x ; a,s, 1,1)

= CentralBeta(x ; a + 3,s)

Similarly, the semi-infinite uniform distribution is a limit of the Pareto
(5.5), beta prime (13.1), Amoroso (11.1), gamma (7.1), and exponential (2.1)
distributions, and the infinite support uniform distribution is a limit of
the normal (4.1), Cauchy (9.6), logistic (15.5) and gamma-exponential (8.1)
distributions, among others.

The order statistics (§C) of the uniform distribution is the beta distri-
bution (12.1).

OrderStatisticypiform(a,s) (X 5 ®,Y) = Beta(x ; a,s, «,v)

The standard uniform distribution is related to every other continuous
distribution via the inverse probability integral transform (Smirnov trans-
form). If X is a random variable and F;l (z) is the inverse of the correspond-
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1 UNIFORM DISTRIBUTION

ing cumulative distribution function then
X ~ F;(l (Sthniform()) .

If the inverse cumulative distribution function has a tractable closed form,
then inverse transform sampling can provide an efficient method of sam-
pling random numbers from the distribution of interest. See appendix (SE).

The power function distribution (5.1) is related to the uniform distribu-
tion via a Weibull transform.

1
PowerFn(a,s, ) ~ a+ s StdUniform() B

The sum of n independent standard uniform variates is the Irwin-Hall
(21.9) distribution,

n
Z Uniform; (0, 1) ~ IrwinHall(n)

i=1

and the product is the uniform-product distribution (10.2).

n
H Uniform; (0, 1) ~ UniformProduct(n)
i=1

G. E. CroOKS — FIELD GUIDE TO PROBABILITY DISTRIBUTIONS 25
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Table 1.1:

Properties

notation

PDF

CDF/CCDF
parameters

support

median
mode

mean
variance
skew

ex. kurtosis

entropy

MGF

CF

1 UNIFORM DISTRIBUTION

Properties of the uniform distribution

Uniform(x ; a,s)
1
Is|
x—a s>0/s<0
S
a, sinR
as<x<a+s s>0
a+s<x<a s<0
1
a+§S
any supported value
1
(l+§S

1.2
128
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2  EXPONENTIAL DISTRIBUTION

Exponential (Pearson type X, waiting time, negative exponential, inverse
exponential) distribution [7, 11, 2]:

Exp(x ; a,0) :% exp{—w} (2.1)
a, 9, inR
supportx >a, 0>0
x<a 6<0

An important property of the exponential distribution is that it is memo-
ryless: assuming positive scale and zero location (a = 0, 6 > 0) the condi-
tional probability given that x > ¢, where c is a positive content, is again
an exponential distribution with the same scale parameter. The only other
distribution with this property is the geometric distribution, the discrete
analog of the exponential distribution. The exponential is the maximum
entropy distribution given the mean and semi-infinite support.

Special cases

The exponential distribution is commonly defined with zero location and
positive scale (anchored exponential). With a = 0 and 6 = 1 we obtain the
standard exponential distribution.

Interrelations
The exponential distribution is common limit of many distributions.
Exp(x; a,0) = Amoroso(x ; a,0,1,1)
= Gamma(x; a,0,1)
Exp(x;0,0) = Amoroso(x ; 0,6,1,1)
= Gamma(x ;0,0,1)
Exp(x; a,0) = lim PowerFn(x; a— (36,30, )
—o0

The sum of independent exponentials is an Erlang distribution, a special
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2 EXPONENTIAL DISTRIBUTION

Table 2.1: Properties of the exponential distribution

Properties

notation Exp(x; a,0)

1 X—a
PDF — —
0] exp{ 0 }

CDF/CCDF leXp{X;a} 0>0/0<0

parameters a, 0, in R
support [a, 4oo] 0>0
[—o0, d] 0<0

median a-+601In2
mode a
mean a-+0
variance 02
skew sgn(0) 2
ex. kurtosis 6

entropy 1+ In|6|

exp(at)

MGF o
exp(iat)
CE (1—16t)

case of the gamma distribution (7.1).
n
Z Exp;(0,0) ~ Gamma(0,0,n)
i=1

The minima of a collection of exponentials, with positive scales 0; > 0,
is also exponential,

min (Exp; (0,01), Expy(0,02), ... , Exp,(0,04)) ~ Exp(0,6),

where 0’ = (> 1", &)~ L.

i-19;
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2 EXPONENTIAL DISTRIBUTION

Figure 7: Standard exponential distribution, Exp(x ; 0, 1)

The order statistics (§C) of the exponential distribution are the beta-
exponential distribution (14.1).

OrderStatisticgyp (1) (X 5 &,v) = BetaExp(x ; ¢, A, o, )
A Weibull transform of the standard exponential distribution yields the

Weibull distribution (11.27).

1
Weibull(a, 0, ) ~a+ 6 StdExp() B

The ratio of independent anchored exponential distributions is the ex-
ponential ratio distribution (5.7), a special case of the beta prime distribu-
tion (13.1).

Exp;(0,01)

BetaPrime(0, %, 1, 1) ~ ExpRatio(0, &) ~
etaPrime( ) xpRatio( 92) Exp,(0, 02)

) 950
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3 LAPLACE DISTRIBUTION

Laplace (Laplacian, double exponential, Laplace’s first law of error, two-
tailed exponential, bilateral exponential, biexponential) distribution [12,
13, 14] is a two parameter, symmetric, continuous, univariate, unimodal
probability density with infinite support, smooth expect for a single cusp.
The functional form is

1 xX—
Laplace(x ; ¢, 0) :ﬂ67|TC‘ (3.1)
forx, ¢, 0in R

The two real parameters consist of a location parameter (, and a scale pa-
rameter 0.

Special cases

The standard Laplace (Poisson’s first law of error) distribution occurs when
(=0and 0 =1.

Interrelations

The Laplace distribution is a limit of the central-logistic (15.4), exponential
power (21.4) and generalized Pearson VII (21.6) distributions.

As 0 limits to infinity, the Laplace distribution limits to a degenerate
distribution. In the alternative limit that 0 limits to zero, we obtain an
indefinite uniform distribution.

The difference between two independent identically distributed expo-
nential random variables is Laplace, and therefore so is the time difference
between two independent Poisson events.

Laplace((,0) ~ Exp, (¢, 0) — Exp,(C, 0)

Conversely, the absolute value (about the centre of symmetry) is expo-
nential.

Exp(¢,18]) ~ |Laplacc(C, 0) — C| +C
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3 LAPLACE DISTRIBUTION

05

Figure 8: Standard Laplace distribution, Laplace(x ; 0, 1)

The log ratio of standard uniform distributions is a standard Laplace.

StdUniform ()

Laplace(0,1) ~ In o
place(0,1) nSthniforInz()

The Fourier transform of a standard Laplace distribution is the standard
Cauchy distribution (9.6).

+ool . 1
—[x| it _
J_Oo 56 Xlet de_1+t2
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3 LAPLACE DISTRIBUTION

Table 3.1: Properties of the Laplace distribution

Properties

notation

PDF

CDF

parameters
support
median
mode

mean
variance
skew

ex. kurtosis

entropy

MGF

CF
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Laplace(x ; ¢, 0)
L
2/6|
le Il x<¢
{1 — %e‘|x5(| x>
¢, 0inR
X € [—o0, +00]
¢
¢
C
202
0
3
1+ 1n(20])
exp((t)
1— 022
exp(it)
1+ 022

VoA
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4 NORMAL DISTRIBUTION

The Normal (Gauss, Gaussian, bell curve, Laplace-Gauss, de Moivre, error,
Laplace’s second law of error, law of error)[15, 2] distribution is a ubiquitous
two parameter, continuous, univariate, unimodal probability distribution
with infinite support, and an iconic bell shaped curve.

1 _ 2
Normal(x ; w, 0) = \/ﬁ exp{—(XZUQH)} (4.1)

forx, u, oinR

The location parameter u is the mean, and the scale parameter o is the stan-
dard deviation. Note that the normal distribution is often parameterized
with the variance o? rather than the standard deviation. Herein, we choose
to consistently parameterize distributions with a scale parameter.

The normal distribution most often arises as a consequence of the fa-
mous central limit theorem, which states (in its simplest form) that the
mean of independent and identically distribution random variables, with
finite mean and variance, limit to the normal distribution as the sample
size becomes large. The normal distribution is also the maximum entropy
distribution for fixed mean and variance.

Special cases

With p = 0 and 0 = 1/+/2h we obtain the error function distribution, and
with ¢ = 0 and 0 = 1 we obtain the standard normal (@, z, unit normal)
distribution.

Interrelations

In the limit that 0 — oo we obtain an unbounded uniform (flat) distribu-
tion, and in the limit 0 — 0 we obtain a degenerate (delta) distribution.

The normal distribution is a limiting form of many distributions, in-
cluding the gamma-exponential (8.1), Amoroso (11.1) and Pearson IV (16.1)
families and their superfamilies.
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4 NORMAL DISTRIBUTION

0.5 |

Figure 9: Normal distributions, Normal(x ; 0, o)

Many distributions are transforms of normal distributions.

eXp(Normal w, o ) LogNormal(0, e", o) (6.1)
}Nonnal (0,0 | ~ HalfNormal(o) (11.7)
StdNormal()? ~ ChiSqr(1) (7.3)
Z StdNormal; ()2 ~ ChiSqr(k) (7.3)
i=1,k
Normal(0, o)~ 2 ~ Lévy(0, &) (11.15)
2 1

|Norma1(07 0)’ B~ Stacy((202)f3,%,[3) (11.2)

StdNormal; ()
StdNormaly() StdCauchy () (9.7)

The normal distribution is stable (21.20): A sum of independent normal
random variables is also normally distributed.

Normaly (uy, 01) + Normals (pe, 02) ~ Normalg (g + ps, 01 + 03)
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4 NORMAL DISTRIBUTION

Table 4.1: Properties of the normal distribution

Properties

notation

PDF

CDF

parameters
support
median
mode
mean
variance
skew

ex. kurtosis
entropy
MGF

CF

Normal(x ; w, o)

1 (x —n)?
expy ——————
2102 P 20?2

o1+ ()|

u, oin R

X € [—00, +00]

exp(ipt — 1o%t?)

The Box-Muller transform [16] generates pairs of independent normal
variates from pairs of uniform random variates.

StdNormal; () ~ ChiSqr(1) cos (27t Sthniformg())
StdNormals () ~ ChiSqr(1) sin (27‘[ Sthniformg())

where ChiSqr(1) ~ \/—2 In StdUniform; ()

Nowadays more efficient random normal generation methods are generally

employed (§E).
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5 POwER FUNCTION DISTRIBUTION

Power function (power) distribution [7, 17, 3] is a three parameter, contin-
uous, univariate, unimodal probability density, with finite or semi-infinite
support. The functional form in the most straightforward parameterization
consists of a single power function.
-1
(X - a) ’ (5.1)
s

forx,a,s,fin R

P

S

PowerFn(x ; a,s,p) =

support x € [a,a+s],s >0, B >0
orx€la+s,al,s<0,p>0
a+s,+o0],s>0, <0

orx € [—oo,a+sl,s<0, <0

orx €

[
[
[
[

With positive § we obtain a distribution with finite support. But by allow-
ing 3 to extend to negative numbers, the power function distribution also
encompasses the semi-infinite Pareto distribution (5.5), and in the limit
B — oo the exponential distribution (2.1).

Alternative parameterizations

Generalized Pareto distribution: An alternative parameterization that em-
phasizes the limit to exponential.

GenPareto(x ; a’,s’, &) (5.2)

0
= PowerFn(x ; { — % %— )

g-exponential (generalized Pareto) distribution is an alternative parameter-
ization of the power function distribution, utilizing the Tsallis generalized
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5 Power FUNCTION DISTRIBUTION

q-exponential function, exp(x) (§D).

QEXp(x 0,0 q (5.3)

equ (
(1—

T (1—(1—q)%5) ™" q#1
o7 exp(—* %5) q=1
=PowerFn(x ; {4+ 0 0 2- q)

1—q 1—q'1—q
forx,,0,qin R

Special cases: Positive 3

Pearson [7, 2] noted two special cases, the monotonically decreasing Peat-
son type VIII 0 < 3 < 1, and the monotonically increasing Pearson type IX
distribution [7, 2] with § > 1.

Wedge distribution [2]:

X—a
g2

Wedge(x ; a,s) =2 sgn(s) (5.4)

= PowerFn(x ; a, s, 2)

With a positive scale we obtain an ascending wedge (right triangular) dis-
tribution, and with negative scale a descending wedge (left triangular).

Special cases: Negative 3

Pareto (Pearson XI, Pareto type I} distribution [18, 7, 2]:

A\t
Pareto(x ; a,s,y) = ‘%‘ <X a) y>0 (5.5)

x>a+s,s>0
x<a+s,s<0

= PowerFn(x ; a,s,—y)
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5 PowerR FUNCTION DISTRIBUTION

Figure 10: Pearson type IX, PowerFn(x ; 0,1,3), p > 1

Figure 11: Pearson type VIII, PowerFn(x ; 0,1,3), 0 < p < 1.
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5 PowerR FUNCTION DISTRIBUTION

2.5 3
Figure 12: Pareto distributions, Pareto(x ; 0, 1,7v), v left axis.

The most important special case is the Pareto distribution, which has a
semi-infinite support with a power-law tail. The Zipf distribution is the
discrete analog of the Pareto distribution.

Lomax (Pareto type II, ballasted Pareto) distribution [19]:

= B x—a) P!
Lomax(x ; a,s,B) = 7S] <1 + . ) (5.6)

= Pareto(x ; a —s, s, B)

= PowerFn(x ; a —s,s, —p)
Originally explored as a model of business failure. The alternative name
“ballasted Pareto” arises since this distribution is a shifted Pareto distribu-

tion (5.5) whose origin is fixed at zero, and no longer moves with changes
in scale.
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5 Power FUNCTION DISTRIBUTION

Table 5.1: Special cases of the power function distribution

(5.1) power function a s B
(5.5) Pareto .o <0
(5.8) uniform prime . -1
(5.1) Pearsontype VI 0 . (0,1)
(1.1)  uniform . 1
(5.1) PearsontypeIX 0 . >1
(5.4) wedge . 2
(2.1)  exponential .. 400

Exponential ratio distribution [1]:

1 1
ExpRatio(x ; s) = BT (5.7)
Si(1+3)
= Lomax(x ; 0,s,1)
= PowerFn(x ; —s,s, 1)
Arises as the ratio of independent exponential distributions (p 29).
Uniform-prime distribution [20, 1]:
D 1 1
UniPrime(x ; a,8) = ————— (5.8)
Ist(1+x52)

= Lomax(x ; a,s, 1)

= PowerFn(x ; a—s,s,—1)

An exponential ratio (5.7) distribution with a shift parameter. So named
since this distribution is related to the uniform distribution as beta is to
beta prime. The ordering distribution (§C) of the beta-prime distribution.

Limits and subfamilies

With $ = 1 we recover the uniform distribution.

PowerFn(a, s, 1) ~ Uniform(a, s)
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5 Power FUNCTION DISTRIBUTION

As f limits to infinity, the power function distribution limits to the
exponential distribution (2.1).

Exp(x; v,A) = lim PowerFn(x ; v — BA, A, B)

B—o0
B—1
1 X—V
=1l -1
B oo A‘( BT )

Recall that lim._, (1 + %)C =ex.

Interrelations

With positive 3, the power function distribution is a special case of the
beta distribution (12.1), with negative beta, a special case of the beta prime
distribution (13.1), and with either sign a special case of the generalized
beta (17.1) and unit gamma (10.1) distributions.

PowerFn(x ; a,s, )
= GenBeta(x ; a,s,1,1,3)

= GenBeta(x ; a,s,,1,1) >0
= Beta(x; a,s,3,1) >0
= GenBeta(x ; a+s,s,1,—3,—1) B<O
= BetaPrime(x ; a+s,s,1,—p) <0

= UnitGamma(x ; a,s, 1, 3)

The order statistics (§C) of the power function distribution yields the
generalized beta distribution (17.1).

OrderStatisticpowerin(a,s,p) (X ; &, V) = GenBeta(x ; a,s, &, v, 3)

Since the power function distribution is a special case of the generalized
beta distribution (17.1),

GenBeta(x ; a,s,«, 1, ) = PowerFn(x ; a, s, af3)

it follows that the power function family is closed under maximization for
% > 0 and minimization for % < 0.
The product of independent power function distributions (With zero lo-

G. E. CroOKS — FIELD GUIDE TO PROBABILITY DISTRIBUTIONS 41



5 Power FUNCTION DISTRIBUTION

cation parameter, and the same () is a unit-gamma distribution (10.1) [21].
x x
HPoweani(O, si, B) ~ UnitGamma/(0, H Si, &, B)
i=1 i=1

Consequently, the geometric mean of independent, anchored power func-
tion distributions (with common ) is also unit-gamma.

X X
> H PowerFn; (0, si, ) ~ UnitGamma(O0, H Si, &, af)

i=1 i=1

The power function distribution can be obtained from the Weibull trans-
form x — (%)f3 of the uniform distribution (1.1).

1
PowerFn(a,s, ) ~ a+ s StdUniform() B

The power function distribution limits to the exponential distribution

(§2).

Exp(x;a,0) = ﬁlim PowerFn(x ; a + p6,—306, )
—00
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Table 5.2: Properties of the power function distribution

Properties
notation

PDF

CDF/CCDF

parameters

support

mode

mean

variance

skew

ex. kurtosis

MGF

PowerFn(x ; a, s, B)
Bl(x—a p-1
(=)
x—a\P
(%)

s
a,s,BpinR

a,a+ s

x €|

x € la+s,al
x € [a+ s, +00]
X € [—o0,a+ s]

a
a-+s
sp
B+1
s2B
(B+1)2(B+2)

5 200—B) [B+2
