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Open problem: Most of reality doesn't consist of weakly coupled systems.
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Detailed Fluctuation Theorem: Coupled systems
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Dynamics: Conditionally Markov

ũ0 ←− ũ1 ←− ũ2 ←− ũ3

↓ ↓ ↓
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p(
→
x ,
→
y | x0,y0)

=p(y1 | y0, x0) p(x1 | x0,y1) p(y2 | y1, x1) p(x2 | x1,y2)

. . . p(yτ | yτ−1, xτ−1) p(xτ | xτ−1,yτ)

=
τ−1∏
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t=0

[
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E (yt+1, vt) + E (xt,yt+1)

− E (yt, vt)− E : (xt,yt)
]
.

X’s Work Source

X’s Heat bath

X Y
Y’s Work Source

Y’s Heat bath

U V

No Feedback
These Are NOT the conditional distributions!!!

4

2

Suppose we only observe the behavior of one subsys-
tem. We can still measure the marginal trajectory prob-
abilities, and define a marginal fluctuation theorem,

Σ→
X
(
→
x) = ln

p(
→
x | →u)

p(
←
x | ←u)

. (6)

By similar reasoning, we can define the conditional en-
tropy production,

Σ→
X|
→
Y
(
→
x | →y ) = ln

p(
→
x | →y ,→u,→v )

p(
←
x | ←y ,←u,←v )

(7)

= Σ→
X,
→
Y
(
→
x,
→
y )− ΣY(

→
y )

Thus we can partition the total dissipation into com-
ponents. However, in order to make these definitions
of marginal and conditional dissipation concrete we will
have to connect them to physical quantities.
Dynamics — To make the discussion unambiguous,

we will adopt a specific model of the intersystem dynam-
ics. We could adopt classical mechanics [? ], or coupled
Langevin dynamics [? ], or a continuous time Markov
process [? ]. But we feel the discussion is most transpar-
ent when the dynamics is represented by coupled discrete
time Markov chains. The dynamics of the joint system
is assumed to be Markov, and the dynamics of each sub-
system is Markov given [S: emphasize] the state of the
neighboring subsystems, but the marginal dynamics are
not Markov.
The following diagram shows the time label conven-

tions for the trajectories of the system,
→
x and

→
y , and

control parameters,
→
u for system X and

→
v for system Y.

First one subsystem updates, then the other, and so on.

u0 −→ u1 −→ u2 −→ u3

↓ ↓ ↓
x0 −→ x1 −→ x2 −→ x3

↓ ↑ ↓ ↑ ↓ ↑
y0 −→ y1 −→ y2 −→ y3

↑ ↑ ↑
v0 −→ v1 −→ v2 −→ v3

(8)

..

u0

.

u1

.

u2

.

u3

....

x0

.

x1

.

x2

.

x3

....
y0
.

y1
.

y2
.

y3
.... v0. v1. v2. v3...

Horizontal arrows indicate time evolution, and vertical
arrows indicate causation (the states of coupled systems
that influence the dynamics across that jump). Note that
systems X and Y influence each other, but the control
variables are unaffected by the system. For the corre-
sponding time reversed trajectory the horizontal arrows
flip, but the vertical arrows remain unchanged.
[Should really draw this as a factor graph] [cite dis-

cussion of causal diagrams in Ito2013 here? And more

recent paper?] [If there is space, possible add the time
reversed diagram.]

The probability for the joint trajectory is the prod-
uct of individual transition probabilities, which naturally
partitions into a product of two terms [? ? ? ].

p(
→
x,
→
y | x0, y0)

=p(y1 | y0, x0) p(x1 | x0, y1) p(y2 | y1, x1) p(x2 | x1, y2)

. . . p(yτ | yτ−1, xτ−1) p(xτ | xτ−1, yτ )

=
τ−1∏

t=0

p(yt+1 | yt, xt)
τ−1∏

t=0

p(xt+1 | xt, yt+1)

= q(
→
y | →x, y0) q(

→
x | →y , x0) (9)

Here, p(xt|xt+1, yt+1) are the probabilities of jumping
from state xt to xt+1 given the current state of the other
subsystem (And implicitly knowledge of the driving pro-
tocol). The expressions q(

→
y |→x) and q(

→
x|→y ) are the tra-

jectory probabilities of one system given a fixed trajec-
tory of the other system. In essence this describes a
process where the system with fixed trajectory acts as
an idealized external control which drives the first sys-
tem without feedback. These expressions are not the
marginal distributions p(

→
x|→y ), which describe a process

where both systems coevolve and influence each other.
We’ve chosen to use a different symbol for these system
trajectory probabilities to make this distinction abun-
dantly clear.

Detailed fluctuation theorem — For the complete sys-
tem the total path-wise entropy production consists of
the change in the entropy of the environment (due to
the flow of heat from the baths) and a boundary term
∆s(x, y) [? ? ]

Σ→
X,
→
Y
(
→
x,
→
y ) = ∆s(x, y)− βQ(

→
x,
→
y ) (10)

This boundary term is the difference in point-wise en-
tropy between the initial configurations of the forward
and reverse trajectories.

∆s(x, y) = − ln p(x̂τ , ŷτ ) + ln p(x0, y0)

Here the hat x̂τ labels the time reversed configurations
x̂τ of the time reversed trajectory. Typically, we either
assume both the system is initial in thermodynamic equi-
librium for both the forward and reversed processes (As
in the Jarzynski Equality [? ]), or we assume that the
finial ensemble of the forward process is the same as
the time reversed probabilities of the reversed process,
p(x̂τ , ŷτ ) = ln p(xτ , yτ ) [? ]. However, in general two
initial ensembles need not have any simple relationship:
for instance we might be observing a short segment of a
much longer driven process.

The heat is the flow of energy due to interactions with
the bath, which cause the system to hop energy states [?
? ? ? ? ]. The energy E of the total system consists

See:  “do calculus” 
in “Causality” by Judea Pearl (2000)
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Σ = − ln p(x̃τ, ỹτ; ũτ, ṽτ) + ln p(x0,y0;u0, v0)

= ∆s

Σ = −βQ − βQ

∆

∆g = g(x̃τ, ỹτ, ũτ, ṽτ)− g(x0,y0,u0, v0)
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←
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←
y |
←
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→
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= ln
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→
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←
x ,
←
y |x̃τ, ỹτ)

p(x0,y0)

p(x̃τ, ỹτ)

p(
←
y |
←
x)

p(
→
y |
→
x)

= ln
q(
→
y;
→
x ,y0) q(

→
x ;
→
y, x0)

q(
←
y;
←
x , ỹτ) q(

←
x ;
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p(ỹτ|x̃τ)

p(x0)

p(x̃τ)

p(
←
y |
←
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p(
→
y |
→
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= ln
p(x0)
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+ ln
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→
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→
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q(
←
x ;
←
y, x̃τ)

− ln
p(
→
y |
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+ ln
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←
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←
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←
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←
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←
x) q(

←
x ;
←
y)

p(x0)
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p(x0|y0)

p(
←
y |
←
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p(
→
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= ln
p(x0)
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+ ln

q(
→
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− ln
p(
→
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←
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→
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←
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τ−1∏
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τ−1∑
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ln
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i(a : b|c)

T →
T →

ũ0 ←− ũ1 ←− ũ2 ←− ũ3

↓ ↓ ↓
x̃0 ←− x̃1 ←− x̃2 ←− x̃3
↓ ↑ ↓ ↑ ↓ ↑

ỹ0 ←− ỹ1 ←− ỹ2 ←− ỹ3

↑ ↑ ↑
ṽ0 ←− ṽ1 ←− ṽ2 ←− ṽ3

p(
→
x ,
→
y | x0,y0)

=p(y1 | y0, x0) p(x1 | x0,y1) p(y2 | y1, x1) p(x2 | x1,y2)

. . . p(yτ | yτ−1, xτ−1) p(xτ | xτ−1,yτ)

=
τ−1∏

t=0

p(yt+1 | yt, xt)
τ−1∏

t=0

p(xt+1 | xt,yt+1)

= q(
→
y;
→
x ,y0) q(

→
x ;
→
y, x0)

p(xt+1 | xt,yt+1)
xt xt+1

q(
→
y;
→
x ,y0) q(

→
x ;
→
y, x0) q(

→
x ;
→
y, x0)

p(
→
x |
→
y, x0)

q

q(y0; x0) = p(y0|x0)

ln
p(
→
x ,
→
y)

q(
→
y;
→
x) q(

→
x ;
→
y)

= ln
p(
→
x ,
→
y | x0,y0)

q(
→
y;
→
x ,y0) q(

→
x ;
→
y, x0)

p(x0,y0)

p(x0|y0) p(y0|x0)

= − ln
p(x0,y0)

p(x0) p(y0)
= −i(x0 : y0)

E (x,y;u, v) = E (x;u)+E (y; v)+E : (x,y)

∆E (x,y;u, v) = Q +Q +W +W

∆E = Q +W + E

∆E = Q +W + E

W =
τ−1∑

t=0

E (xt;ut+1)− E (xt;ut)

W =
τ−1∑

t=0

E (yt+1; vt+1)− E (yt+1; vt)

E (xt+1,ut+1)− E (xt,ut+1) = Q (t) + E (t)

E = −
τ−1∑

t=0

[E : (xt+1 : yt+1)− E : (xt : yt+1)]

E = −
τ−1∑

t=0

[E : (xt : yt+1)− E : (xt : yt)]

E

E = E

Q =
τ−1∑

t=0

[
E (xt+1,ut+1) + E : (xt+1,yt+1)

− E (xt,ut+1)− E (xt,yt+1)
]
,

Q =
τ−1∑

t=0

[
E (yt+1, vt) + E (xt,yt+1)

− E (yt, vt)− E : (xt,yt)
]
.

ũ0 ←− ũ1 ←− ũ2 ←− ũ3

↓ ↓ ↓
x̃0 ←− x̃1 ←− x̃2 ←− x̃3
↓ ↑ ↓ ↑ ↓ ↑

ỹ0 ←− ỹ1 ←− ỹ2 ←− ỹ3

↑ ↑ ↑
ṽ0 ←− ṽ1 ←− ṽ2 ←− ṽ3

p(
→
x ,
→
y | x0,y0)

=p(y1 | y0, x0) p(x1 | x0,y1) p(y2 | y1, x1) p(x2 | x1,y2)

. . . p(yτ | yτ−1, xτ−1) p(xτ | xτ−1,yτ)

=
τ−1∏

t=0

p(yt+1 | yt, xt)
τ−1∏

t=0

p(xt+1 | xt,yt+1)

= q(
→
y;
→
x ,y0) q(

→
x ;
→
y, x0)

p(xt+1 | xt,yt+1)
xt xt+1

q(
→
y;
→
x ,y0) q(

→
x ;
→
y, x0) q(

→
x ;
→
y, x0)

p(
→
x |
→
y, x0)

q

q(y0; x0) = p(y0|x0)

ln
p(
→
x ,
→
y)

q(
→
y;
→
x) q(

→
x ;
→
y)

= ln
p(
→
x ,
→
y | x0,y0)

q(
→
y;
→
x ,y0) q(

→
x ;
→
y, x0)

p(x0,y0)

p(x0|y0) p(y0|x0)

= − ln
p(x0,y0)

p(x0) p(y0)
= −i(x0 : y0)

E (x,y;u, v) = E (x;u)+E (y; v)+E : (x,y)

∆E (x,y;u, v) = Q +Q +W +W

∆E = Q +W + E

∆E = Q +W + E

W =
τ−1∑

t=0

E (xt;ut+1)− E (xt;ut)

W =
τ−1∑

t=0

E (yt+1; vt+1)− E (yt+1; vt)

E (xt+1,ut+1)− E (xt,ut+1) = Q (t) + E (t)

E = −
τ−1∑

t=0

[E : (xt+1 : yt+1)− E : (xt : yt+1)]

E = −
τ−1∑

t=0

[E : (xt : yt+1)− E : (xt : yt)]

E

E = E

Q =
τ−1∑

t=0

[
E (xt+1,ut+1) + E : (xt+1,yt+1)

− E (xt,ut+1)− E (xt,yt+1)
]
,

Q =
τ−1∑

t=0

[
E (yt+1, vt) + E (xt,yt+1)

− E (yt, vt)− E : (xt,yt)
]
.

Marginal fluctuation theorem

Σ = − ln p(x̃τ, ỹτ; ũτ, ṽτ) + ln p(x0,y0;u0, v0)

= ∆s

Σ = −βQ − βQ

∆

∆g = g(x̃τ, ỹτ, ũτ, ṽτ)− g(x0,y0,u0, v0)

Σ = ln
p(
→
x)

p(
←
x)

= ln
p(
→
x ,
→
y)

p(
←
x ,
←
y)

p(
←
y |
←
x)

p(
→
y |
→
x)

= ln
p(
→
x ,
→
y |x0,y0)

p(
←
x ,
←
y |x̃τ, ỹτ)

p(x0,y0)

p(x̃τ, ỹτ)

p(
←
y |
←
x)

p(
→
y |
→
x)

= ln
q(
→
y;
→
x ,y0) q(

→
x ;
→
y, x0)

q(
←
y;
←
x , ỹτ) q(

←
x ;
←
y, x̃τ)

p(y0|x0)

p(ỹτ|x̃τ)

p(x0)

p(x̃τ)

p(
←
y |
←
x)

p(
→
y |
→
x)

= ln
p(x0)

p(x̃τ)
+ ln

q(
→
x ;
→
y, x0)

q(
←
x ;
←
y, x̃τ)

− ln
p(
→
y |
→
x)

p(
←
y |
←
x)

+ ln
q(
→
y;
→
x)

q(
←
y;
←
x)

= +∆s − βQ − Σ

p(
→
x) = p(

→
x ,
→
y)/ p(

→
y |
→
x)

Σ

Σ = ln
p(
→
y |
→
x)

p(
←
y |
←
x)

− ln
q(
→
y;
→
x)

q(
←
y;
←
x)

βQ

Σ = ln
p(
→
x)

p(
←
x)

= ln
p(
→
x ,
→
y)

p(
←
x ,
←
y)

p(
←
y |
←
x)

p(
→
y |
→
x)

= ln
q(
→
y;
→
x) q(

→
x ;
→
y)

q(
←
y;
←
x) q(

←
x ;
←
y)

p(x0)

p(x̃τ)

p(x̃τ|ỹτ)

p(x0|y0)

p(
←
y |
←
x)

p(
→
y |
→
x)

= ln
p(x0)

p(x̃τ)
+ ln

q(
→
x ;
→
y, x0)

q(
←
x ;
←
y, x̃τ)

− ln
p(
→
y |
→
x)

p(
←
y |
←
x)

+ ln
q(
→
y;
→
x)

q(
←
y;
←
x)

= +∆s − βQ − Σ

Σ | = Σ −
Σ Σ : = Σ − Σ − Σ

Σ = +∆s − βQ − βQ

Σ = +∆s − βQ − Σ

Σ | = +∆s | − βQ + Σ

Σ : = −∆i : − Σ − Σ

Σ = ln
p(
→
y |
→
x)

q(
→
y;
→
x)

− ln
p(
←
y |
←
x)

q(
←
y;
←
x)

T → = ln
p(
→
y |
→
x)

q(
→
y;
→
x)

= ln
p(
→
y,
→
x |x0,y0)

q(
→
y;
→
x ,y0) p(

→
x |x0)

= ln
q(
→
x ;
→
y, x0)

p(
→
x |x0)

= ln
τ−1∏

t=0

p(yt+1 | yt, xt)− ln
τ−1∏

t=0

p(yt+1 | y0:t)

=
τ−1∑

t=0

ln
p(yt+1 | y0:t, x0:t)

p(yt+1 | y0:t)

=
τ−1∑

t=0

i(yt+1 : x0:t | y0:t)

i(a : b|c)

T →
T →

Transferred dissipation

5

W

L = 0

EA:B = 0

E = 0 E = 0

∆E = Q +W ∆E = Q +W

p(
←
y |
←
x) = q(

←
y;
←
x)

Σ
T →

〈
Σ

〉
=

〈
T →

〉
! 0,

〈
Σ

〉
=

〈
T →

〉
! 0

Σ = ∆s − βQ − Σ

∆S − β
〈
Q

〉
!

〈
Σ

〉

∆S − β
〈
Q

〉
!

〈
T →

〉
! 0

∆S − β
〈
Q

〉
! ∆I : −

〈
T →

〉

0
τ

Σ =− β∆F + βW + βW

Σ =− β∆F + βW + L

Σ | =− β∆F | + βW − L

Σ : =− β∆F : − L − L

L = −β∆F | − ln⟨e−βW ⟩

ln
p(
→
x |
→
u, x0)

p(
←
x |
←
u, x̃τ)

= −βQ

ln
q(
→
x |
→
y, x0)

q(
←
x |
←
y, x̃τ)

= −βQX
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Local Second Laws

Q =
τ−1∑

t=0

[
E | (xt+1,yt+1;ut+1)− E | (xt,yt+1;ut+1)

]

Q =
τ−1∑

t=0

[
E | (xt,yt+1; vt)− E | (xt,yt; vt)

]

∆EA,B =W +Q +W +Q

∆E =W +Q + E

∆E | =W +Q − E

∆E : =− E − E

Σ = ln
p(
→
x ,
→
y;
→
u,
→
v )

p(
←
x ,
←
y;
←
u,
←
v )

Σ = ln
p(
→
x)

p(
←
x)

Σ | = ln
p(
→
x |

→
y)

p(
←
x |

←
y)

= ln
p(
→
x ,
→
y)

p(
←
x ,
←
y)

p(
←
y)

p(
→
y)

= Σ − Σ

Σ : = ln
p(
→
x ,
→
y)

p(
→
x) p(

→
y)

p(
←
x) p(

←
y)

p(
←
x ,
←
y)

= Σ − Σ − Σ

= Σ − Σ |

Σ = Σ + Σ + Σ :

= Σ | + Σ

= Σ | + Σ

= Σ | + Σ | − Σ :

〈
Σ

〉
=

∑

→
x ,
→
y

p(
→
x ,
→
y) ln

p(
→
x ,
→
y)

p(
←
x ,
←
y)

! 0

〈
Σ

〉
=

∑

→
x

p(
→
x) ln

p(
→
x)

p(
←
x)

! 0

〈
Σ |

〉
=

∑

→
x ,
→
y

p(
→
x ,
→
y) ln

p(
→
x |

→
y)

p(
←
x |

←
y)

! 0

〈
Σ :

〉
=

∑

→
x ,
→
y

p(
→
x ,
→
y) ln

p(
→
x ,
→
y)

p(
→
x) p(

→
y)

p(
←
x) p(

←
y)

p(
←
x ,
←
y)

〈
Σ

〉
!

{〈
Σ

〉
,
〈
Σ

〉
,
〈
Σ |

〉
,
〈
Σ |

〉}
! 0

Σ = Σ + Σ

= ∆s − βQ − βQ

βE = L + Σ

βE = L + Σ

p(
→
x |
→
y) = q(

→
x ;
→
y)

p(
←
x |
←
y) = q(

←
x ;
←
y) q(

→
y;
→
x ,y0) =

p(
→
y |y0)

Σ = 0

Σ = −∆i :

Σ : = 0

E (
→
y;
→
x) = −W

L = 0

EA:B = 0

E = 0 E = 0

∆E = Q +W ∆E = Q +W

p(
←
y |
←
x) = q(

←
y;
←
x)

Σ
T →

〈
Σ

〉
=

〈
T →

〉
! 0,

〈
Σ

〉
=

〈
T →

〉
! 0

Σ = ∆s − βQ − Σ

∆S − β
〈
Q

〉
!

〈
Σ

〉

∆S − β
〈
Q

〉
!

〈
T →

〉
! 0

∆S − β
〈
Q

〉
! ∆I : −

〈
T →

〉

0
τ

βE = L + Σ

βE = L + Σ

p(
→
x |
→
y) = q(

→
x ;
→
y)

p(
←
x |
←
y) = q(

←
x ;
←
y) q(

→
y;
→
x ,y0) =

p(
→
y |y0)

Σ = 0

Σ = −∆i :

Σ : = 0

E (
→
y;
→
x) = −W

L = 0

EA:B = 0

E = 0 E = 0

∆E = Q +W ∆E = Q +W

p(
←
y |
←
x) = q(

←
y;
←
x)

Σ
T →

〈
Σ

〉
=

〈
T →

〉
! 0,

〈
Σ

〉
=

〈
T →

〉
! 0

Σ = ∆s − βQ − Σ

∆S − β
〈
Q

〉
!

〈
Σ

〉

∆S − β
〈
Q

〉
!

〈
T →

〉
! 0

∆S − β
〈
Q

〉
! ∆I : −

〈
T →

〉

0
τ

6

4

computational resource (a “Demon”). But this resource
that still has a thermodynamic cost which is captured
by the transferred dissipation. Neglecting this cost leads
to Maxwell Demon paradoxes where the Second Law ap-
pears to be violated.
An additional “feedback reversible” idealization is of-

ten invoked to further simplify the thermodynamics of
Maxwell Demons [? ? ? ]. In this limit, the Demon Y
does not react to the system in the time-reversed process,
and as a consequence the transferred dissipation Σtrn

→
Y

is

equal to the transfer entropy alone. However, in the gen-
eral case the time reversed component of the transferred
dissipation T←

Y
cannot be neglected. In particular, the

transfer entropy becomes difficult to define in the contin-
uous time limit, whereas the transferred dissipation will
remain well behaved. This is similar to different behav-
iors of the between Shannon entropy rate and entropy
production rate [? ]. [Need to justify this statement
about continuous time more carefully. Or cite something.
crappy Udo paper?]
Local Second Law — Lets look at the averages of the

total, marginal, conditional and mutual dissipations (18).

〈
Σ→

X,
→
Y

〉
= ∆SX,Y − β

〈
Q→

X

〉
− β

〈
Q→

Y

〉
(21a)

=
∑

→
x ,
→
y

p(
→
x,
→
y ) ln

p(
→
x,
→
y )

p(
←
x,
←
y )

〈
Σ→

X

〉
= ∆SX − β

〈
Q→

X

〉
−

〈
Σtrn
→
X

〉
(21b)

=
∑

→
x

p(
→
x) ln

p(
→
x)

p(
←
x)

〈
Σ→

X|
→
Y

〉
= ∆SX|Y − β

〈
Q→

X

〉
+
〈
Σtrn
→
Y

〉
(21c)

=
∑

→
x ,
→
y

p(
→
x,
→
y ) ln

p(
→
x | →y )

p(
←
x | ←y )

The total (21a) and marginal (21b) average dissipa-
tions are relative entropies between forward and reverse
trajectories ensembles, and therefore nonnegative [? ? ?
]. The mean conditional entropy production (21c) is a
conditional relative entropy, which is also nonnegative.
All of the conditional and marginal dissipations obey a

Second Law like inequality. And since the total dissipa-
tion is the sum of a conditional and marginal dissipation,
it follows that all of the marginal and conditional dissi-
pations are less than the total dissipation, on average.

〈
Σ→

X,
→
Y

〉
≥

{〈
Σ→

X

〉
,
〈
Σ→

Y

〉
,
〈
Σ→

X|
→
Y

〉
,
〈
Σ→

Y|
→
X

〉}
≥ 0 (22)

Thus any system can be construed to obey a Local
Second Law of Thermodynamics. Either we consider the
dynamics of the system alone, and study the marginal
dissipation, or we also account for the behavior of the
other systems directly coupled to our system of interest,

and study the conditional dissipation. In either case the
system’s dissipation is non-negative and less than the to-
tal dissipation. When studying small parts of the entire
Universe, we are allowed to neglect the dissipation oc-
curring elsewhere that is irrelevant to the behavior of the
system at hand.

[Connection to corse graining reduces apparent dissi-
pation]

[Break up with transfer dissipation and information
flow.] [Need to work in references to Sagawa’s General-
ized Second Law somewhere]

Acknowledgments — [Blah blah blah] [Discussions:
David Sivak, Tony Bell, Horowitz, Sagawa? Ito?...]
[Funding: fqxi, muri, ...]

[Check notes for other papers to cite. Esposito2011?]
[Recheck all math. Triple check signs!] [todo: pacs]

joint 2nd law          marginal and conditional 2nd laws
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Σ =− β∆F + βW + βW

Σ =− β∆F + βW + L

Σ | =− β∆F | + βW − L

Σ : =− β∆F : − L − L

L = −β∆F | − ln⟨e−βW ⟩

Σ =− β∆F + βW + βW

Σ =− β∆F + βW + L

Σ | =− β∆F | + βW − L

Σ : =− β∆F : − L − L

L = −β∆F | − ln⟨e−βW ⟩

Transient Protocols 

βE = L + Σ

βE = L + Σ

p(
→
x |
→
y) = q(

→
x ;
→
y)

p(
←
x |
←
y) = q(

←
x ;
←
y) q(

→
y;
→
x ,y0) =

p(
→
y |y0)

Σ = 0

Σ = −∆i :

Σ : = 0

E (
→
y;
→
x) = −W

L = 0

EA:B = 0

E = 0 E = 0

∆E = Q +W ∆E = Q +W

p(
←
y |
←
x) = q(

←
y;
←
x)

Σ
T →

〈
Σ

〉
=

〈
T →

〉
! 0,

〈
Σ

〉
=

〈
T →

〉
! 0

Σ = ∆s − βQ − Σ

∆S − β
〈
Q

〉
!

〈
Σ

〉

∆S − β
〈
Q

〉
!

〈
T →

〉
! 0

∆S − β
〈
Q

〉
! ∆I : −

〈
T →

〉

0
τ

T → + T →

T →

T → + T →

=
τ−1∑

t=0

ln
p(yt+1 | y0:t, x0:t)

p(yt+1 | y0:t)

p(xt+1 | y0:t+1, x0:t)

p(xt+1 | x0:t)

= ln
p(
→
x ,
→
y |x0,yτ)

p(
→
x |x0) p(

→
y |y0)

= i(
→
x :

→
y |x0,y0)

T → + T → + i(x0,y0)

= + ln
p(
→
y |
→
x)

q(
→
y;
→
x)

p(
→
x |
→
y)

q(
→
x ;
→
y)

p(y0, x0)

p(x0) p(y0)

= ln
p(
→
y,
→
x)

p(
→
x) p(

→
y)

p(
→
x ,
→
y)

q(
→
y;
→
x) q(

→
x ;
→
y)

p(y0, x0)

p(x0) p(y0)

= ln
p(
→
x ,
→
y)

p(
→
x) p(

→
y)

= i(
→
x :

→
y)

T →
X

∆E = Q+W

Σ =+ ∆s − β∆E + βW

+ ∆s − β∆E + βW

− ∆i : − β∆E :

∑

←
y

p(
←
x ,
←
y) =

∑

→
y

p(
→
x ,
→
y)e−Σ

p(
←
x) = p(

→
x)

∑

→
y

p(
→
y |
→
x)e−Σ

ln
p(
→
x)

p(
←
x)

= +∆s − β∆E + βW

− ln
∑

→
y

p(
→
y |
→
x)e−∆s +∆E −βW +∆i : +∆E :

Σ = +∆s − β∆E + βW + L

L = − ln⟨e−∆s | +β∆E | −βW ⟩

L

γ

Σ =− β∆f + βW + βW

Σ =− β∆f + βW + L

Σ | =− β∆f | + βW − L

Σ : =− β∆f : − L − L

f
f(x) =

E(x) − s(x)/β

F

+∆s − βQ − Σ = +∆s − β∆E + βW + L

β∆E = +βW + βQ + L + Σ

Excess dissipation

Transferred Labor Feedback correction 
terms can be measured!

Local 1st Law

Transferred
Dissipation

Transferred
Labor

Transferred
Energy

7
Open Problem: Can we use these measures to sensible partition a system into semi-independent parts?
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Other system relaxes fast
Other system does not react

No energy flow
& no feedback in reverse time
& no feedback to the system

Ideal heat bath
Ideal work source

Demons (computational resources)
Feedback reversible demons
Ideal measurement (Bayesian FT)

Idealizations

βE = L + Σ

βE = L + Σ

p(
→
x |
→
y) = q(

→
x ;
→
y)

p(
←
x |
←
y) = q(

←
x ;
←
y) q(

→
y;
→
x ,y0) =

p(
→
y |y0)

Σ = 0

Σ = −∆i :

Σ : = 0

E (
→
y;
→
x) = −W

L = 0

EA:B = 0

E = 0 E = 0

∆E = Q +W ∆E = Q +W

p(
←
y |
←
x) = q(

←
y;
←
x)

Σ
T →

〈
Σ

〉
=

〈
T →

〉
! 0,

〈
Σ

〉
=

〈
T →

〉
! 0

Σ = ∆s − βQ − Σ

∆S − β
〈
Q

〉
!

〈
Σ

〉

∆S − β
〈
Q

〉
!

〈
T →

〉
! 0

∆S − β
〈
Q

〉
! ∆I : −

〈
T →

〉

0
τ

Local 1st Law

Transferred
Dissipation

Transferred
Labor

Transferred
Energy

See also: Deffner and Jarzynski (2013)

Slides: http://threeplusone.com/telluride2016
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Σ Σ : = Σ − Σ − Σ

Σ = +∆s − βQ − βQ

Σ = +∆s − βQ − Σ

Σ | = +∆s | − βQ + Σ

Σ | = +∆s | − βQ + Σ

Σ = +∆s − βQ − Σ

Σ : = −∆i : − Σ − Σ

Σ = ln
p(
→
y |
→
x)

q(
→
y;
→
x)

− ln
p(
←
y |
←
x)

q(
←
y;
←
x)

T → = ln
p(
→
y |
→
x)

q(
→
y;
→
x)

= ln
p(
→
y,
→
x |x0,y0)

q(
→
y;
→
x ,y0) p(

→
x |x0)

= ln
q(
→
x ;
→
y, x0)

p(
→
x |x0)

= ln
τ−1∏

t=0

p(xt+1 | xt,yt+1)− ln
τ−1∏

t=0

p(xt+1 | x0:t)

=
τ−1∑

t=0

ln
p(xt+1 | x0:t,y0:t+1)

p(xt+1 | x0:t)

=
τ−1∑

t=0

i(xt+1 : y0:t+1 | x0:t)

i(a : b|c)

T →
T →

T → + T →

T →

T → + T →

=
τ−1∑

t=0

ln
p(xt+1 | y0:t+1, x0:t)

p(xt+1 | x0:t)

p(yt+1 | y0:t, x0:t)

p(yt+1 | y0:t)

= ln
p(
→
x ,
→
y |x0,yτ)

p(
→
x |x0) p(

→
y |y0)

= i(
→
x :

→
y |x0,y0)

T → + T → + i(x0,y0)

= + ln
p(
→
y |
→
x)

q(
→
y;
→
x)

p(
→
x |
→
y)

q(
→
x ;
→
y)

p(y0, x0)

p(x0) p(y0)

= ln
p(
→
y,
→
x)

p(
→
x) p(

→
y)

p(
→
x ,
→
y)

q(
→
y;
→
x) q(

→
x ;
→
y)

p(y0, x0)

p(x0) p(y0)

= ln
p(
→
x ,
→
y)

p(
→
x) p(

→
y)

= i(
→
x :

→
y)

T →
X

ln
p(
→
y |
→
x)

q(
→
y |
→
x)

= ln
p(
→
y |
→
x ,y0)

q(
→
y |
→
x ,y0)

p(y0|
→
x)

p(y0|x0)

= ln
p(y0|

→
x)

p(y0|x0)
+

τ−1∑

t=0

ln
p(yt+1|yt, xt, xt+1:τ)

p(yt+1|yt, xt)

= i(y0 : x1:τ|x0) +
τ∑

t=1

i(yt : xt:τ|xt−1,yt−1)

i(yt :
xt:τ|xt−1,yt−1)

TY

Σ = − ln p(x̃τ, ỹτ; ũτ, ṽτ) + ln p(x0,y0;u0, v0)

= ∆s

Σ = −βQ − βQ

∆

∆g = g(x̃τ, ỹτ, ũτ, ṽτ)− g(x0,y0,u0, v0)

Σ = ln
p(
→
x)

p(
←
x)

= ln
p(
→
x ,
→
y)

p(
←
x ,
←
y)

p(
←
y |
←
x)

p(
→
y |
→
x)

= ln
p(
→
x ,
→
y |x0,y0)

p(
←
x ,
←
y |x̃τ, ỹτ)

p(x0,y0)

p(x̃τ, ỹτ)

p(
←
y |
←
x)

p(
→
y |
→
x)

= ln
q(
→
y;
→
x ,y0) q(

→
x ;
→
y, x0)

q(
←
y;
←
x , ỹτ) q(

←
x ;
←
y, x̃τ)

p(y0|x0)

p(ỹτ|x̃τ)

p(x0)

p(x̃τ)

p(
←
y |
←
x)

p(
→
y |
→
x)

= ln
p(x0)

p(x̃τ)
+ ln

q(
→
x ;
→
y, x0)

q(
←
x ;
←
y, x̃τ)

− ln
p(
→
y |
→
x)

p(
←
y |
←
x)

+ ln
q(
→
y;
→
x)

q(
←
y;
←
x)

= +∆s − βQ − Σ

p(
→
x) = p(

→
x ,
→
y)/ p(

→
y |
→
x)

Σ

Σ = ln
p(
→
y |
→
x)

p(
←
y |
←
x)

− ln
q(
→
y;
→
x)

q(
←
y;
←
x)

βQ

Σ = ln
p(
→
x)

p(
←
x)

= ln
p(
→
x ,
→
y)

p(
←
x ,
←
y)

p(
←
y |
←
x)

p(
→
y |
→
x)

= ln
q(
→
y;
→
x) q(

→
x ;
→
y)

q(
←
y;
←
x) q(

←
x ;
←
y)

p(x0)

p(x̃τ)

p(x̃τ|ỹτ)

p(x0|y0)

p(
←
y |
←
x)

p(
→
y |
→
x)

= ln
p(x0)

p(x̃τ)
+ ln

q(
→
x ;
→
y, x0)

q(
←
x ;
←
y, x̃τ)

− ln
p(
→
y |
→
x)

p(
←
y |
←
x)

+ ln
q(
→
y;
→
x)

q(
←
y;
←
x)

= +∆s − βQ − Σ

Σ | = Σ −
Σ Σ : = Σ − Σ − Σ

Σ = +∆s − βQ − βQ

Σ = +∆s − βQ − Σ

Σ | = +∆s | − βQ + Σ

Σ : = −∆i : − Σ − Σ

Σ = ln
p(
→
y |
→
x)

q(
→
y;
→
x)

− ln
p(
←
y |
←
x)

q(
←
y;
←
x)

T → = ln
p(
→
y |
→
x)

q(
→
y;
→
x)

= ln
p(
→
y,
→
x |x0,y0)

q(
→
y;
→
x ,y0) p(

→
x |x0)

= ln
q(
→
x ;
→
y, x0)

p(
→
x |x0)

= ln
τ−1∏

t=0

p(yt+1 | yt, xt)− ln
τ−1∏

t=0

p(yt+1 | y0:t)

=
τ−1∑

t=0

ln
p(yt+1 | y0:t, x0:t)

p(yt+1 | y0:t)

=
τ−1∑

t=0

i(yt+1 : x0:t | y0:t)

i(a : b|c)

T →
T →

Feedback reversible fluctuation theorem (1)

X

Transfer Entropy

No feedback in 
time-reverse dynamics

9
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Feedback reversible fluctuation theorem (2)

βE = L + Σ

βE = L + Σ

p(
→
x |
→
y) = q(

→
x ;
→
y)

p(
←
x |
←
y) = q(

←
x ;
←
y) q(

→
y;
→
x ,y0) =

p(
→
y |y0)

Σ = 0

Σ = −∆i :

Σ : = 0

E (
→
y;
→
x) = −W

L = 0

EA:B = 0

E = 0 E = 0

∆E = Q +W ∆E = Q +W

p(
←
y |
←
x) = q(

←
y;
←
x)

Σ
T →

〈
Σ

〉
=

〈
T →

〉
! 0,

〈
Σ

〉
=

〈
T →

〉
! 0

Σ = ∆s − βQ − Σ

∆S − β
〈
Q

〉
!

〈
Σ

〉

∆S − β
〈
Q

〉
!

〈
T →

〉
! 0

∆S − β
〈
Q

〉
! ∆I : −

〈
T →

〉

0
τ

βE = L + Σ

βE = L + Σ

p(
→
x |
→
y) = q(

→
x ;
→
y)

p(
←
x |
←
y) = q(

←
x ;
←
y) q(

→
y;
→
x ,y0) =

p(
→
y |y0)

Σ = 0

Σ = −∆i :

Σ : = 0

E (
→
y;
→
x) = −W

L = 0

EA:B = 0

E = 0 E = 0

∆E = Q +W ∆E = Q +W

p(
←
y |
←
x) = q(

←
y;
←
x)

Σ
T →

〈
Σ

〉
=

〈
T →

〉
! 0,

〈
Σ

〉
=

〈
T →

〉
! 0

Σ = ∆s − βQ − Σ

∆S − β
〈
Q

〉
!

〈
Σ

〉

∆S − β
〈
Q

〉
!

〈
T →

〉
! 0

∆S − β
〈
Q

〉
! ∆I : −

〈
T →

〉

0
τ

No feedback in 
time-reverse dynamics

Sagawa & Ueda (2010) 
Horowitz & Vaikuntanathan (2010)
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