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Jeffreys’ J-divergence and the Jensen-Shannon divergence are shown to be related by an inequality
that involves a transcendental function of the Jeffreys divergence.

Jeffreys’ J-divergence, a symmetrized Kullback-Leibler
divergence (the average relative entropy D(p||q) between
two probability distributions, p and ¢) [1, 2]
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and the Jensen-Shannon divergence (the mean of the rel-
ative entropy of each distribution to the mean distribu-
tion) [3-8]
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are related by the inequality
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This inequality is sharper than the inequality JS(p;q) <
iJeffreys(p; q) described by Lin [3].

First note that the function f(x) = In(l + e %)
is convex (Since the derivative in monotonically non-
decreasing) and therefore that Jensen’s inequality [9]
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Therefore,
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The last line follows from the previous line by a sec-
ond application of the same Jensen inequality. Since

the J-divergence ranges between zero and positive infinity
whereas the Jensen-Shannon divergence ranges between
zero and In2 [i.e. 1 bit], inequality (1) has the correct
limits for identical (p; = ¢;, JS(p; q) = Jeffreys(p; q¢) = 0)
and orthogonal (p;q; = 0, JS(p; ¢) = In 2, Jeffreys(p; q) =

o0) distributions.

There is no corresponding lower bound; for any value
of the Jensen-Shannon divergence the Jeffreys divergence
can be arbitrarily large. Consider a pair of binary distri-
butions (a,1 —a) and (b, 1 — b). Fix a and let b limit to
zero. As b decreases the Jensen-Shannon divergence will
limit to a fixed value between 0 and In 2, but the Jeffreys
divergence will increase to infinity.

Since In (2/(1+e™®/2)) < z/4 we can also deduce
Lin’s inequality [3].
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Finally, note that we can split the Jensen-Shannon di-
vergence into two directed parts [4], and write the equiva-
lent of inequality (1) with respect to each part separately.
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