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Approximate convolution of a logistic function with a Gaussian distribution.
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We are interested in the function

g(x;α, σ) =
∫ +∞

−∞
f(x + ε;α)N (ε; 0, σ)dε , (1)

the convolution of a logistic (or Fermi) function

f(x;α) =
1

1 + e−x/α
=

1
2

+
1
2

tanh
x/α

2
, (2)

with a Gaussian (or normal) distribution with zero mean
and standard deviation σ:

N (x;µ, σ) =
1√

2πσ2
exp

(
− (x− µ)2

2σ2

)
. (3)

The function g(x;α, σ) does not have a simple, closed
form. However, as is illustrated in the figure, it can be
reasonably approximated by a reparameterized logistic
function:

g(x;α, σ) ≈ f(x; γ), (4)

where γ is a function of α and σ. We fix γ by requiring
equality of the derivative at the origin, since, for our
purposes, it is more important to minimize the errors
around the origin than elsewhere. The value of g(x;α, σ)
at the origin is 1/2, the same as f(0; γ). Note that

d

dx
f(x; γ)

∣∣∣∣
x=0

=
1

2γ + 2γ cosh (x/γ)

∣∣∣∣
x=0

=
1
4γ

, (5)

and therefore

γ−1 = 4
d

dx
g(x;α, σ)

∣∣∣∣
x=0

= 4
∫ +∞

−∞

(
d

dx
f(x + ε;α)

∣∣∣∣
x=0

)
N (ε;σ)dε

= 4
∫ +∞

−∞

(
1

2α + 2α cosh ε/α

)
N (ε;σ)dε. (6)
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FIG. 1: The approximation of the sigmoidal function
g(x; α, σ) [Eq. (1)] by the logistic function f(x; γ) = 1/(1 +

exp(−x/γ)), where γ =
p

1 + πσ2/8 [Eq. (7)]. The absolute
difference between the functions is always less than 0.02.
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FIG. 2: The approximation of the standard logistic distribu-
tion by the Gaussian distribution with zero mean and stan-
dard deviation

p
8/π.

The expression inside the bracket is a logistic distribu-
tion, which is closely approximated by the Gaussian dis-
tribution N (ε; 0, α

√
8/π) (See Fig. 2). These parameters

ensure that the two distributions agree exactly at the ori-
gin. Therefore, our problem reduces to a straightforward
Gaussian integral:

γ−1 ≈ 4
∫ +∞

−∞
N (ε; 0, α

√
8
π

)N (ε; 0, σ)dε

γ =
√

1 +
π

8α2
σ2. (7)
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